Abstract. We show the existence of a rank function on finitely generated modules over group algebras KΓ, where K is an arbitrary field and Γ is a finitely generated amenable group. This extends a result of W. Lück (1998).
Introduction
The goal of this paper is to construct a real-valued non-trivial rank function on finitely generated modules over a group algebra KΓ, where K is an arbitrary field and Γ is a finitely generated amenable group. The existence of such rank function was proved by Lück [2] in the case when K is the field of complex numbers. In [2] , for any finitely generated module M over CΓ the author associated an invariant subspace V M of the Hilbert space [l 2 (Γ)] n . The rank of the module M was defined as the von Neumann dimension of V M . In an earlier paper [1] we extended Lück's result for finite fields using the notion of topological entropy. In the general case, we will apply the following strategy. For any finitely generated module M over KΓ, we associate an invariant subspace V M of the function field γ∈Γ K n . Then we define an average dimension for such invariant spaces that behaves similarly to the von Neumann dimension. The rank of M will be the average dimension of the associated invariant subspace V M . An observation of Lück suggests that Theorem 1 might serve as a ring theoretic characterisation of amenability. That is, such a rank function may not exist if Γ is a non-amenable group.
Invariant subspaces
Let K be an arbitrary field equipped with the discrete topology and let Γ be a countable group. For any integer n ≥ 1, one can consider γ∈Γ K n , the space of vector-valued functions with the product topology. The space γ∈Γ K n is metrizable and {f m } ∞ m=1 → f if for any γ ∈ Γ, f m (γ) = f (γ) for sufficiently large m depending on γ. The natural right Γ-action on γ∈Γ K n is defined by
Note that we also have a left Γ-action on γ∈Γ K n commuting with the right Γ-action:
Both the left and right Γ-actions are continuous and K-linear. Denote by KΓ the group algebra of Γ over K. The left Γ-action defines a representation of KΓ in the homomorphism ring of γ∈Γ K n . A subspace V ⊆ γ∈Γ K n is called invariant if it is closed, K-linear and invariant under the right Γ-action.
Γ-equivariant maps
Let us consider M at n×m (KΓ) the space of finitely supported M at
Note that M : γ∈Γ K m → γ∈Γ K n is continuous, K-linear and Γ-equivariant, that is, it commutes with the right Γ-action.
Proof. Let e Γ be the unit element of Γ. Note that if T 1 and T 2 are Γ-equivariant maps and T 1 v(e Γ ) and
Since T is continuous, there exists a finite subset A ⊆ Γ such that T v(e Γ ) depends only on the values of v at the elements of A. Since
it is easy to see that there exist elements
Duality
In this section we study the baby-version of Pontrjagin's duality. All proofs are straightforward and are left to the reader. Let γ∈Γ K n be the space of finitely supported vector-valued functions on Γ equipped with the discrete topology. Then one has the pairing , :
Proof. It is enough to prove that if w / ∈ W , then there exists f ∈ W ⊥ such that w, f = 0. Since w / ∈ W , there exists a finite subset A ⊆ Γ such that w | A / ∈ W | A . Therefore there exists an element f ∈ γ∈Γ K n supported on A that is orthogonal to W and has a non-zero scalar product with w.
The weak topology of ( γ∈Γ K n ) * can be defined the usual way via base sets.
Proposition 4.1. There exists a continuous isomorphism
A ⊥ is an invariant subspace. Also, if T is Γ-equivariant, then T * is Γ-equivariant as well. Indeed, the adjoint of the right translation by γ ∈ Γ is just the right translation by γ −1 . Observe that γ∈Γ K n can be identified with (KΓ) n as a right KΓ-module. The subspaces A ∈ γ∈Γ K n which are invariant under the right Γ-action can be identified with the KΓ-submodules. Hence the spaces γ∈Γ K n /A can be identified with finitely generated right KΓ-modules. We can formulate the previous observations in the following proposition.
Proposition 4.2. The duality functor M → M
* associates an invariant subspace to a finitely generated KΓ-module. The adjoint functor T → T * associates a Γ-equivariant continuous map between invariant subspaces to any module homomorphism.
Later we will see that if M and N are isomorphic modules, then M * and N * are isomorpic as well; also if T is an isomorphism, then T * is an isomorphism as well. 
Weak exactness
* .
Amenability
Let us recall the important notion of quasi-tilings of amenable groups following the paper of Ornstein & Weiss [3] . Let Γ be a finitely generated group with symmetric generating set {g 1 , g 2 , . . . , g k }. The generators determine a word-metric d on Γ in such a way that the right multiplications by the elements of Γ are isometries. The group Γ is called amenable if it has an exhaustion
by finite subsets such that for any fixed r ∈ N, 
Also, we say that the finite subsets
Finally, the finite subsets 
We have the following proposition.
Proposition 7.1. The average dimension of an invariant subspace does not depend on the particular choice of the Følner-exhaustion and in fact,
First of all note that by sorting out a suitable subsequence we may suppose that
It is enough to see that for any δ > 0, there exists
where the exact value of will be determined at the end of the proof. By Proposition 6.1, we have integers
. . , S cm the translated copies of Følner-sets used in the -quasitiling of G m and denote by T 1 , T 2 , . . . , T cm thedisjoint parts of the S i 's as in the definition of -disjoint sets. Then by the invariance of V , we have the following estimate for any 1 ≤ i ≤ c m :
Choosing carefully, we can assert that (1) holds.
Extended configurations
In this section we use a technique that proved to be quite useful in the case of calculating topological entropies [4] , [1] . Let V ⊆ γ∈Γ K n be an invariant
subspace. An extended configuration V E is defined the following way. For any finite set B ⊆ Γ, let V E B ⊆ γ∈Γ K n be a finite-dimensional K-linear vectorspace supported on B that satisfies the following four conditions:
(
We call such a system of functions an extended configuration of V . The average dimension of V E is defined as
For any r > 0 and a finite set A ⊆ Γ let
The following proposition is a vectorspace version of the well-known König lemma. 
is defined as follows: 
Proof. Denote by H v the affine space of vectors in
Hence by condition (4), l ∈ V and v ∈ V C . Now we turn back to the proof of our proposition. 
Proof. We need to show that for any δ > 0, there exists
Let be a real number; its exact value will be chosen at the end of the proof. By Proposition 6.1, we have integers N ≤ n 1 < n 2 < · · · < n l and M > 0 such that
By our previous lemma, there exists r > 0 such that for any 1
Let P 1 , P 2 , . . . , P cs be those translated copies in the -quasitiling of F s such that B r (P i ) ⊆ F s . Let R i ⊆ P i denote the disjoint parts. Let N s be the cardinality of those points in F s which are not covered by
Then by the third condition in the definition of extended configurations,
Therefore, for large s,
Picking the right one can assert that (2) holds.
9. Additivity
Proof. First note that both Ker T and Ran T are invariant subspaces. By Proposition 3.1 it is given by matrix multiplication. Therefore T has finite width, that is, there exists L > 0 such that for any 
Hence by (4) our proposition holds. 
